In a group G, a weak Sierpiński subset is a subset E such that for some g, h ∈ G and a = b ∈ E, we have gE = E {a} and hE = E {b}. In this setting, we study the subgroup generated by g and h, and show that it has a special presentation, namely of the form h). In addition, in such groups G k , we characterize all weak Sierpiński subsets.
Introduction
For a group G and g, h ∈ G we say that a subset E ⊆ G is a (g, h)-wS-subset (a weak Sierpiński subset with respect to g and h), if there exist elements a = b ∈ E such that gE = E {a} and hE = E {b}. A subset E is called a wS-subset, if it is a (g, h)-wS-subset for some g, h ∈ G.
Our first result is that the subgroup generated by (g, h) has a very special form:
Main Theorem. Let G be a group with a (g, h)-wS-subset. Then the subgroup H = g, h is either free over (g, h), or there exists k ≥ 2 such that it has the presentation H = G k = g, h | (h −1 g) k .
The group G k is the free product of its infinite cyclic subgroup g and its cyclic subgroup of order k h −1 g , and therefore has a well-understood structure. For instance, by Kurosh's theorem [1] (see also [2] ), its torsion elements are conjugated to elements of the finite cyclic subgroup h −1 g . It also follows, in all cases, that (g, h −1 gh) is a free family in H, and in turn this yields: This gives the affirmative answer to a question posed by Mycielski and Tomkowicz in [4] and [7] (Question 7.22), whether a group with wS-subset necessarily contains a free subgroup. We remark however, that the statement in Corollary 1.1 can directly be deduced from the Stallings splitting theorem (see Section 4 for details).
The paper is organized in four sections. Section 2 contains some basic definitions and preliminary observations.
In Section 3 we study relations in a non-free group G containing a weak Sierpiński subset. We prove the main theorem and, as corollaries, we find a complete description of wS-subsets in the respective subgroups G k and characterize the non-free subgroups of G k . In the last section we provide a shorter proof of Corollary 1.1 using the concept of ends of groups.
Notation and preliminaries
We begin with some simple observations on properties of groups with wS-subsets.
In what follows, W(x, y) denotes the free monoid on the four symbols x ±1 , y ±1 ; its elements are called words, and typically represent elements of the free group F 2 (x, y) on (x, y). The length |w| of a word w is the number of its constituting letters, for instance the length of xyy −1 is 3.
For a group G with a pair (g, h), we consider the (oriented, labeled) Schreier graph Γ(G, g, h) consisting of the set of vertices G, with, for each x ∈ G, an edge from x to gx labeled g and an edge from x to hx labeled h. Note that the connected component of x ∈ G in this graph is the right H-cosets Hx. In particular, the Schreier graph Γ(H, g, h) is a left Cayley graph of H.
If p is a path in Γ(G, g, h), then by |p| we denote the length of p, i.e. the number of constituent edges of p. We note that if w is the word obtained by
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Observation 2.1. Let G be an abelian group. Then G contains no wSsubset.
Proof. Let E be a wS-subset. Then by definition:
and hence either a = b or a = ha and h = 1. We get a contradiction.
Observation 2.2. Let E be a (g, h)-wS-subset of G. Then, for every γ in the (non-unital) subsemigroup generated by g, h, γE is properly contained in E. In particular, g, h are not torsion.
Proof. Since gE and hE are properly contained in E, the first assertion is clear. The second follows, applied when γ is a positive power of g or h.
3 Non-free groups with wS-subsets
In this section we investigate subgroups of groups containing a (g, h)-wSsubset, generated by elements g and h. As shown in the following example, the subgroup g, h need not be free.
Example 3.1. Suppose g is an element of infinite order and s is an element of order k ≥ 2. Let G = g * s be the free product and write h = sg.
Define E ⊆ G as the set of all elements represented by reduced words in g and s ending with g. Then gE = E {g} and hE = sgE = E {sg} and g −1 h has finite order.
We note that this fact was independently observed by Tomkowicz (private communication). We continue our investigations with the assumption that (g, h) is not free (by this we mean that the the subgroup generated by g, h is not free over the pair (g, h)).
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Proof. Let E be a (g, h)-wS-subset. For at most one right H-coset Hu, the intersection uH ∩ E is not left g-invariant, and at most one, say Hv, the intersection Hv ∩ E is not h-invariant. We may assume that u = 1 (right Proof of Main Theorem. We assume that H is not freely generated by (g, h), and hence by Lemma 3.2, we can suppose that E ⊆ H.
In the left Cayley graph Γ(H, g, h), call critical edges the two boundary edges c g and c h of E (one is labeled by g and one by h). Consider critical loops, that is, geodesic loops passing through one (and hence both) critical edge.
If w = w n . . . w 1 is a relation, by loop labeled by w we mean a loop of the form (x, w 1 x, w 2 w 1 x, . . . , w n . . . w 1 x = x).
Fix once and for all u 0 to be a critical loop of minimal length n 0 .
Let u be a critical loop, of length n. We write u and u 0 as concatenation of four paths, u 0 = b 0ch a 0 c g and u = bc h ac g . Let w 0 , w ∈ F 2 (g, h) be words labeling u 0 , u, written accordingly as w 0 = B 0 h −1 A 0 g, w = Bh −1 Ag. Since u 0 is geodesic, every subpath of u of length ≤ n 0 /2 is geodesic, and similarly for u 0 with n/2 instead.
If both |a 0 | < |b 0 | and |a| > |b|, then the path bc h a 0 c g is a loop of length This applies in particular to w = w 0 , and hence we can write w = (h −1 g) k with k ≥ 2 (since clearly g = h and w 0 is not a single letter).
Applying this to w , we have w = (h −1 g) with ≥ 1. By minimality,
should be a relation). Since u is a geodesic loop, it is an injective loop, and thus we have k = . We conclude 
It follows that
In addition, we can fully describe the wS-subsets in the group
Proposition 3.3. In G k , there are exactly k subsets E such that gE = E {1} and hE is E minus a singleton; for k − 1 of them this yields a wSsubset. More precisely, in the Schreier graph, these are the subsets E defined by cutting along the edge (g −1 , 1) and the edge (g −1 (hg −1 ) −1 , (hg −1 ) ) for some 1 ≤ ≤ k. We have hE = E {b } with b = (hg −1 ) , which for = k equals 1 and otherwise is not 1 (so we have a wS-subset).
In particular the right action of G k on the set of (g, h)-wS-subsets is free
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Proof. This is clear by drawing the left Cayley graph of G k , which is a "treelike" union of 2k-gons (see Fig. 1 ). After cutting the edge (g −1 , 1), the only other edges that cut into 2 components after removal, are the 2k − 1 remaining ones in the same hexagon, k of which being labeled by h, and are as described in the statement.
In the last assertion, the freeness follows since each (g, h)-wS-subset E has a unique boundary edge labeled by g and the action on the set of edges is free.
The statement about the number of orbits follows from the first assertion, since each wS-subset (g, h)-wS-subset E has a unique right translate E such that E gE = {1}.
Proof of Corollary 1.1 using Stallings' theorem
We now give the proof of the Corollary 1.1, using the concept of ends of groups, also allowing singletons {a}, {b} to be replaced by disjoint nonempty finite subsets.
A group G is said to have ≥ 2 ends if there exists a subset E of G that is G-commensurated, in the sense that gE E is finite for every g ∈ E, and such that both E and G E are infinite.
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Then G contains a nonabelian free subgroup.
Proof. Denote by H the subgroup generated by {g, h}. Multiplying on the right, we can suppose that 1 ∈ A. Then E = E ∩ H is H-commensurated; moreover, it is both infinite and has infinite complement in H: indeed, for A = A ∩ H = E gA , the g n A for n ≥ 0 are pairwise disjoint, nonempty subsets of E, and the g −n A , for n ≥ 1 are pairwise disjoint, nonempty subsets of H E. Hence, H has at least 2 ends.
If H has ≥ 3 ends, Stallings' theorem [5] implies that H has a free subgroup.
It remains to suppose that H has 2 ends. For γ ∈ G, write f (γ) = |E γE| − |γE E|. By an elementary verification, f is a group homomorphism.
Then f (g) > 0, so f is nonzero and hence, since H is 2-ended, its kernel is finite. Then, up to finite symmetric difference, the only H-commensurated subsets of H that are infinite with infinite complement are f −1 (N) and its complement. Since f (E ) ⊂ E , it follows that E has finite symmetric difference with f −1 (N). Let x be an element of E with f (x) minimal (it thus exists). Since f (g) > 0 and f (h) > 0, we see that x / ∈ gE and x / ∈ hE .
So x ∈ A ∩ B, a contradiction.
It would be interesting to produce an explicit free subgroup in this setting.
Also, we do not know if we can reach the same conclusion when A or B is infinite.
